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Abstract. We investigate harmonic forms of geometrically formal metrics, which are defined 
as those having the exterior product of any two harmonic forms still harmonic. We prove that a 
formal Sasakian metric can exist only on a real cohomology sphere and that holomorphic forms of 
a formal Kahler metric are parallel w.r.t. the Levi-Civita connection. In the general Riemannian 
case a formal metric with maximal second Betti number is shown to be flat . Finally we prove 
that a six-dimensional manifold with bi ^ 1, 62 ^2 and not having the real cohomology algebra 
of X carries a symplectic structure as soon as it admits a formal metric. 
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Let (M", g) be a compact oriented Riemannian manifold. We denote by A^M, ^ 
p ^ n the space of smooth, real- valued, differential p-forms of M. We have then a 
differential complex 

...^APM^AP+^M... 

where d is the exterior derivative. The p-th cohomology group of this complex, 
known as the p-th deRham cohomology group will be denoted by H^^{M). The 
Riemannian metric g induces a scalar product at the level of differential forms, 
hence one can consider also the operator d* , the formal adjoint of d. For ^ p ^ n 
we define the space of harmonic p-forms by setting 

nP{M,g) = {ae A^M : Aa = 0}. 
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Here the Laplacian A is defined by 

A = dd* + d*d. 

Classical Hodge theory produces an isomorphism 
(1.1) H^^^iM)=WiM,g) 

for all ^ p ^ n. Whilst H*{M) = Hl^{M) is a graded algebra, generally 

7i* = ^^Ti.^{M, g) is not an algebra with respect to the wedge product operation 

for there is no reason that the isomorphism 11.11 descends to the level of harmonic 
forms. Our next definition is related to this fact. 

Definition 1.1. [6\Let M" be a compact and oriented manifold. 

(i) A Riemannian metric g on M is formal if the exterior product of any two 
harmonic (w.r.t. g) forms remains harmonic; 

(ii) M is geometrically formal if it admits a formal metric. 

A closely related notion is that of topological formality (see [2] for instance), which 
implies that the rational homotopy type of the manifold is a formal consequence of 
its cohomology ring p3]- From the existence of a formal metric it follows that the 
underlying manifold is topologically formal, and this provides obstructions to the 
existence to such metrics; for instance they cannot exist on nilmanifolds since those 
have non-trivial Massey products, a fact which is in itself an obstruction to formality 
[21 [in] . On the other hand, simply connected, compact manifolds of dimension not 
exceeding 6 are topologically formal [7l[9]. 

Now the existence of formal metrics is more directly related to the geometry of the 
ambient manifold and known obstructions are related to the length of harmonic 
forms. 

Theorem 1.1. [6\Let {M"',g) be compact and oriented such that g is a formal 
metric. Then 

(i) the inner product of any two harmonic forms is a constant function; 

(ii) bp{M) <: Q for alll^p^ n; 

(iii) if in (ii) equality occurs for p = 1 then g is a fiat metric. 

Standard examples of formal metrics are provided by compact symmetric spaces 
for in this case all harmonic forms must be parallel with respect to the Levi-Civita 
connection. D. Kotschik proved that in dimension 4 every geometrically formal 
manifold has the real cohomology algebra of a compact symmetric space. One of 
the current questions related to the notion of geometric formality is then to examine 
up to what extent this is true in general. 

In the context of Sasakian geometry, the odd dimensional analogue of Kahler 
geometry we prove 

Theorem 1.2. Let {M'^'^^^,g) be a compact Sasakian manifold. If g is a formal 
metric then M is a real cohomology sphere. 
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Next we obtain obstructions to the existence of formal Kahler metrics, through 
the study of their holomorphic forms. In this context topological formality is no 
longer restrictive since any Kahler manifold is known to have this property [2]. 

Theorem 1.3. Let (M^", (7, J) be a compact Kahler manifold such that the metric 
g is formal. Then every harmonic form fl of real type (p, 0) + (0,p) (hence every 
holomorphic p-form ) is parallel with respect to the Levi-Civita connection. Moreover 
Q induces in a canonical way a local splitting of M as the Riemannian product of 
two compact Kahler manifolds Mi and M2 so that Q is zero on Mi, non- degenerate 
on M2 which is Ricci fiat. 

Remark 1.1. (i) Theorem \1.3\ was already proved in [8] forp = 2, using arguments 
relying heavily on the algebraic structure of the space of harmonic 2-forms. For 
higher degree forms, such results are no longer available. 

(a) If in Theorem \1.3\ we furthermore assume the metric being locally irreducible 
and not symmetric, it follows from Berger's holonomy classification theorems (see 
[T^ ) that the only cases when we can have a non-vanishing holomorphic form are 
when Hol{g) = Sp{m){n = 2m) or Hol{g) = SU{n). 

(Hi) From the above it also follows that if M admits a locally irreducible Kahler and 
formal metric which is not Ricci fiat then the Todd genus satisfies Td{M) = 1 . 

In the second part of the paper we study general properties of 2-forms which are 
harmonic w.r.t. a formal metric. We observe that any such 2-form diagonalises with 
constant eigenvalues and constant rank eigendistributions. This is extending results 
from [8] to the general Riemannian case and can also be used as a starting point 
to give sufficient conditions, essentially phrased in terms of Betti numbers lower 
bounds, for a formal metric to admit a compatible symplectic form in dimension 6. 
We prove 

Theorem 1.4. Let M^ be geometrically formal. If bi{M) 7^ 1 and 62 (^) ^ 2 and 

moreover M has not the real cohomology algebra of x then any formal metric 
on M admits a compatible symplectic form. 

The above result essentially says that in dimension 6 a geometrically formal mani- 
fold M always carries a symplectic structure compatible with the formal metric with 
the exception of the cases when &i(M) = 1 or bi{M) 7^ 1, b2{M) = 0, 1 or when the 
real cohomology algebra is that of x S"^ . This suggests that symplectic techniques 
could be used to investigate, under these conditions, the topology and geometry of 
these manifolds. In dimension 4, the existence of symplectic forms on geometrically 
formal manifolds has been extensively treated in [H]. 

When b2{M) ^ 3 Theorem 11.41 follows essentially by algebraic arguments mainly 
using the above mentioned fact on the diagonalization of harmonic 2-forms of a 
formal metric. To prove it when 62 (M) = 2 we first show that the absence of a com- 
patible symplectic form forces the presence of enough harmonic 3-forms (actually 
63 (M) = 6 in this case). Then we need to perform a rather delicate local analysis, 
involving the internal symmetries of the set harmonic 3-forms in order to arrive at 
bi{M) ^ 2, a case which can be ruled out algebraically. 
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In the final part of tlie paper we are concerned witfi giving a cliaracterisation of 
geometrically formal Riemannian manifold with maximal second Betti number. We 
prove 

Theorem 1.5. Let M" be geometrically formal with n ^ 3. If b2{M) is maximal, 



that IS 62 (M) = 




, then any formal metric on M is flat. 



This clarifies the equality case in Theorem ll.il (iii) for degree 2-forms. Note that 
the assertion in Theorem 11.51 is straightforward when n is odd for if n = 2fc + 1 the 
formality and the maximality of f)2 imply that b2k{M) is maximal. Hodge duality 
implies then the maximality of bi{M) and hence the flatness of the metric (see 
Section 5 for more details). When n is even, our point of departure consists in 
observing that the metric must admit a compatible almost Kahler structure and 
then work out this situation within the same circle of arguments which have led to 
the proof of Theorem II. 3[ 

To conclude, it would be interesting to have results similar to Theorem 11.41 in 
arbitrary even dimensions and of course to give necessary but also sufficient condi- 
tions for a geometrically formal metric to admit a compatible symplectic structure. 
In doing so, the difficulties one faces are related to understanding, at the algebraic 
level, the constraints imposed by geometric formality on forms of degree ^ 3. 

2. Some algebraic facts 

Let {V'^^,g, J) be a Hermitian vector space and let A*V be its exterior algebra 
over the reals. Consider the operator J' : A^V — > A^V acting on a p-form a by 

p 

{Ja){vi, ...,Vp) = ^ a{vi, . . . , Jvk, ...,Vp) 

k=l 

for all f 1, . . . Vp in V. J acts as a derivation on A* and gives the complex bi-grading 
of the exterior algebra in the following sense. Let X^^'^V be given as the — (p — g)^- 
eigenspace of J'^ . Then 

A'V = ^ A^'^V^ 

V+q=s 

is an orthogonal, direct sum. Note that XP-^'^V = A^'^V. Of special importance in our 
discussion are the spaces X^V = y'^V; forms a in A^ are such that {Xi, . . . , Xp) — > 
a{JXi, X2, . . . , Xp) is still an alternating form which equals p~^J'a. We shall also 
use the extension of J to A*V given by 

(Ja)(fi, ...,Vp) = a{Jvi, . . . , Jvp) 

for all a in A^V and Vi, . . . ,Vp in V. Let A^V" (8>i X'^V be the space of tensors 
Q : XW XW which satisfy 

[(jg)(Xi, . . .,Xp)]iY^, ...,Y,) = -[j(Q(Xi, . . . . . . , y,) 

(here J as a map of A^y stands in fact for p~^J). We also define X^V ®2 X'^V to be 
the space of tensors Q : X^V ^ XW such that QJ = JQ. 

Lemma 2.1. Let a : X^V ® X'^V A^^'^V be the total antisymmetrisation map. 
Then: 
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(i) The image of the restriction of a to X^V X'^V A^'^'^V is contained in 

(ii) The image of the restriction of a to X^V (8)2 XW A^+^F is contained in 

XP+QV. 

Proof. We shall provide a direct proof, but only for (i), that of (ii) being similar. 
Pick Q in A^V" ®i XW. Then 

I={ii,...,ip) 

where for v in F we denote by the dual, w.r.t to the metric, 1-form. Then 

JHQ)) = E ^(4 ^ • • • ^ <) ^ • • • ' ^^.) 

I=(ii,...,ip) 

+ E e,^i A...Ae,^^ A:rg(e,„...,e,J. 

I={ii,...,ip) 

For any 1 ^ r ^ p we compute 

E 4i A . . . A Jet A . . . A A Q(e,,, . . . , 
/=(n,...,jp) 

= - E < A ... A ( Je,J^ A . . . A A g(ei„ . . . , 

= E 4 A--- Ae,t A... Ae,^ Ag(ei,,..., Jei,,...,eiJ 
7=(n,...,jp) 

= E e,^i A...Ae,^^ A(JQ)(e,,,...,e,J. 

/=(ii,...,ip) 

On the other side we have J^(5(eji,...,ejj,) = gJ[Q(eii, . . . , ej^,)] = -g(J(5)(eii, . . . , Cj^,) 
and putting all these together we arrive easily at 

J{a{Q)) = {p-q) E < A ... A A (JQ)(e,,, . . . , e,J. 

/=(ii,...,ip) 

Applying J" once more time while going through the same steps yields J^^a{Q) — 
— {p — qfa{Q) and the proof is completed. □ 

The main technical observation in this section is 

Proposition 2.1. The following hold: 

(i) The total alternation map a : X^V®iX'^V —>■ A^'^'^V is injective for any p ^ q; 

(ii) The kernel of a : XW ® X^V Ap+W is contained in XW ®2 XW. 

Proof (i) If Q belongs to X^V ®i X'^V and X is in F we define Qx and in 
XP-^V (8)1 X^V and X^V ®i X^-^V respectively by 

Qx = Q{X,-) and Q^'^XjQ. 
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It is easy to see that those are well defined. Assume now that a{Q) = 0. Then 
= X^Q) = J2 ^M, A ... A el) A g(e,, , e,J 

ii,...,ip 

+ i-iy J2 <^---^ < ^ {X^Q{e,,, ...,e,J) 

il,...,ip 

= P Yl 4 A---Ae,^^_^ Ag(X,ei,,...,e,^_J 

ii,...,ip_l 

+ (-1)^ J2 e,>...Ae,^^AQ^(e.„...,e.J 

il,...,ip 

= pa{Qx) + {-lYa{Q''). 

By the previous Lemma a{Qx) is in XP-^W whilst a{Q^) belongs to AP'^-V hence 
both must vanish since elements of distinct spaces as p 7^ g. Now an induction 
argument leads directly to the proof of the claim in (i). 

To prove (ii) we first note that XW ® XW = {XpV ®i XW) © {XW 02 XW) and the 
claim follows from Lemma 12. 1[ □ 
Let L : A*V — *• A*V be the exterior multiplication with the Kahler form u = 
g{J-,-). Recall that the space AqV of primitive forms is defined to be the kernel 
of L*, the adjoint of L w.r.t. the inner product g. We consider the operators 
Pk : A'V X A'V A^'+^-^ky defined by 

Pk{a,l3):= ^ (Ciij . . .Cj^ja) A (Jcj.j ^Jcj^j/?) 

for all {a, (3) in A'^V x A"^]/ and where {e,, 1 < i < 2n} is some orthonormal basis 
in V. Clearly, Po{a, (3) = a A P for all (a, (3) in A^V x A"*!^ and moreover 

Proposition 2.2. For any a G A''l^ anc? G A^'V", we /ia^;e 

(i) L*Pk{a, (3) = Pk{L*a, /?) + Pk{a, L^f3) + (-l)'-^-iPfc+i(«, (3) for all k > 0; 

(ii) (L*)^(a A /?) = (— 1) 2 p!(a, J/?) /or any primitive p-forms a and (3. 
Proof, (i) Let a G AW and G A^V". Then 

L*Pfc(Q;,/3) = i ^ Jeijeij((eiiJ . . .Ci^ja) A (Jci.j . . . Jcij^j/?)) 
= ^ ^ Jei_i((eijeiiJ . . .Ci^ja) A (Jci^j . . . Jcij^j/?)) 

= Pfc(L^a,/3) + ^(-l)"-'^-^ ^ (ei,j...ei,^^ja) A (Jci.j... Jei.^^j/?) 

n...ife+i 

+ ^ (Jei,jei2j...ei,^,ja) A (ci^jJci^J... Jei,^,j/3) 

+ Pkia,L*P) 
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and the claim in (i) follows. 

To prove (ii) we first obtain by induction from (i) that {L*Y{a/\[3) = (— 1)^^ Pp{ct, P) 
whenever a, [3 belong to AqV^. To conclude it is enough to directly use the definition 
of Fp to get Pp(a,/5) =p! (a, J/3). □ 

2.1. Formal Sasakian metrics. Part of the algebraic facts developed above can be 
also used to describe completely the cohomology algebra of a geometrically formal, 
Sasakian metric. For an introduction to Sasakian geometry, the odd dimensional 
analogue of Kahler geometry, we refer the reader to [1] . 

Theorem 2.1. Let {M'^"'^^,g) be a compact Sasakian manifold. If the metric g is 
formal then bp{M) = for all 1 ^ p ^ 2n, in other words M is a real cohomology 
sphere. 

Proof. Recall that the tangent bundle of M splits as TM = V © iJ an orthogonal 
direct sum where V is spanned by the so-called Reeb vector field, to be denoted by 
(. The contact distribution H admits a (7-compatible complex structure J : H ^ H 
which moreover satisfies dO = uo where 6 is the 1-form dual to Q and uj = g{J-,-). 
We call a differential p-form horizontal, and denote the corresponding space by A^H 
if the interior product with ( vanishes. Now let dn '■ A*H A*H be the projection 
of the usual exterior derivative d onto H. If d*jj is its formal adjoint w.r.t. to the 

restriction of g on H, we have (see pjj) on A^M = A^H ® 9 A A^'^H 

(2.1) i' = ( f 

where £^ denotes the Lie derivative. As a last reminder, we mention that the 
extension of J to A*H defined as in the previous section preserves the space of 
harmonic forms. 

Let now a be a harmonic form on M. It is a known fact that if ^ p ^ n, 
every harmonic form a on M is horizontal and invariant by the Reeb vector field. 
Moreover, a must be primitive, that is L*a = 0. Using the formality assumption on 
g we obtain that a A Ja is still harmonic. Since this is a horizontal form, invariant 
under the Reeb vector field it follows from (12.1 p that L*{a A Ja) = 0. We conclude 
that a vanishes by means of Proposition 12.21 (ii). □ 

The proof of Theorem 11.21 in the introduction is now complete. 

3. HOLOMORPHIC FORMS WITH HARMONIC SQUARES 

Let (M^", g, J) be a compact Kahler manifold and consider a harmonic p-form Q 
in X^M, that is of type {0,p) + (p, 0). It is a well known fact, see ^ for instance, 
that Q must be holomorphic, that is 

(3.1) Vjx^ = Vxim) 

for all X in TM. Together with Q comes S : Ap-^M A^M defined by S{Xi, Xp_i) 
0,{Xi, •). That Q has real type {0,p) + {p, 0) translates into 

(3.2) {S{JX,,...,Xp,,)y = -J{S{X,,...,Xp_,)f 
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whenever Xi,...,Xp_i belong to TM and where for any 1-form 9, 6^ denotes the 
associated vector field with respect to the metric g. Let now Q : hP^^M X^M 
be given by 

Q{Xi, ...,Xp_i) = V(5'(Xi,...,Xp_i))tt^ 
for all Xi, ...,Xp_i in TM. The next Lemma provides information about the com- 
plex type of Q. 

Lemma 3.1. The tensor Q belongs to X^-^M ®i X^M. 

Proof. Follows immediately from (13. ip and fl3.2p . □ 

Proposition 3.1. Let Vt in X^M he a harmonic form. If the metric g is formal, 
then 

(3-3) V(s(Xi,...,Xp_i))tt^ = 

holds, for all Xi, . . . , Xp_i in TM. 

Proof. Let {e^, 1 < i < 2n} be a geodesic frame at a point m in M. If p is even 
r2 A is harmonic and we have at m 

2n 

= -d*{QAQ) = J2 J Ve, i^l A Q) 

1=1 

2n 2n 

=2 ei^iVe^ A ^]) = 2 ^ Ve,^^ A (e.jfi) 

i=l i=l 

since VL is itself co-closed. In other words a{Q) = and we conclude by means of 
Lemma [3.11 and Proposition 12.11 that Q = 0. If p is odd the harmonicity of 1) A JIl) 
gives 

2n 

= A jr]) = ^ Ci^Ve,^ A Jfi + ^] A VeJ^) 

i=l 
2n 

= -Ve,^ A (Cijin) + (CiM) A Ve,(Jl^) 

i=l 

where we took into account the co-closedeness of Q and Ji7. Now Ve,;Jf^ = Vje^^^ 
hence 

2n 

= ^ -Ve,^ A ( JCijfi) + (CiM) A Vje.fi 
1=1 

2n 

= -2^ Ve,^^ A (JCijl]). 
i=l 

This is easily reinterpreted to say that a{JQ) = and then Lemma 13.11 together 
with Proposition 12 . II leads to the vanishing of Q and hence to the claimed result. □ 

Remark 3.1. From the proof of the result above we see that it actually holds for 
harmonic forms Q in X^M such that Q A Q (p even) resp. Q A (p odd) are 
co-closed. 
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We need now to recall some facts about the algebraic structure of harmonic forms 
of type (1,1). 

Proposition 3.2. [8J Let {M'^"',g,J) be a compact Kdhler manifold such that the 
metric g is formal. If a = g{F-, ■) is harmonic in X^'^M then we have an orthogonal 
and J -invariant splitting 

p 

which is preserved by F and such that F = XiJi on Ei, for all ^ i ^ p. Here Ji 
are almost complex structures on Ei and Aj are real constants, for ^ i ^ p. 

Now we would like to conclude from Proposition 13.11 that Q is actually parallel. 
This is eventually seen to be the case if Q is non-degenerate at every point of the 
manifold. To rule out the general case we must study the null distribution of fl. 
For each m in M define Vm = {X e T^M : X_iQ = 0}. Our first concern is to show 
that m Vm gives a smooth, constant rank distribution on M. 

Lemma 3.2. Let {M'^"',g, J) be a compact Kdhler manifold such that the metric g 
is formal. If Q in X^M is harmonic the following hold 

(i) the distribution V is of constant rank; 

(ii) both distributions V and H = V"*" are integrable and H is totally geodesic. 

Proof, (i) Let in A^'^M be defined by an{X,Y) = {JXM,YM) for all X,Y 
in TM. Because g is formal we have that {L*y^^{Q A JQ) is a harmonic two 
form. On the other hand side, from Proposition 12.21 (i) it follows by induction that 

{L*)p-\nAjn) = {-l y ^ Pp^i{n,jn) by also using that f2 is primitive. Now 

a direct computation using the definition of Pp-i shows that 

Pp_i{n,jn){x,Y) ={-iy-\p-i)\{{Xjn,jYM) - {Yjn,jXjn)) 

=2{-iyip-l)\an{X,Y) 

for all X, Y in TM. We conclude that an is a harmonic form of type (1, 1) hence the 
formality of g and Proposition 13.21 ensure that has constant rank. By a positivity 
argument the nullity of an coincides with that of fl and the claim is proved, 
(ii) V (hence H) is J-invariant since lives in X^'^M. By (i) we obtain a globally 
defined splitting TM = V (B H which is therefore orthogonal and J-invariant. From 
the definition of V it follows by an orthogonality argument that the distribution H 
is spanned by S{Xi, ^p-i) with Xi, Xp_i in TM hence 

(3.4) Vx^ = for aWX eH 

by Proposition [3lTJ Taking now a direction, say y in V gives that VxV belongs to V 
and this shows the total geodesicity hence the integrability of H. The integrability 
of V is an easy consequence of the closedeness of fl. Indeed, taking Xi, . . . , Xp_i in 
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H and V^, in V, we have 

= dn{x,, x,_,, V, w) = J2i-^y^\^xP){x,, ...X,---, ^p-i, V, w) 

i=l 

= n{x,,...,Xj,.,,[v,w]). 

Since Q vanishes on V by the definition of the latter it follows that [V, W]jQ = 
and our integrability claim follows by using again the definition of V. □ 

To prove the parallelism of Q, which amounts to having V totally geodesic we 
need to establish one more fact. Recall [11] that the transversal Ricci tensor Ric^ : 
H ^ H of the totally geodesic distribution H is defined by 

i 

for all X,Y in H and local orthonormal frames {cj} in H. When V integrates to 
give a Riemannian submersion, which is always true locally, Ric^ corresponds to 
the usual Ricci tensor of the base manifold. 

Lemma 3.3. The transversal Ricci tensor Ric^ of the distribution H vanishes. 
Proof. For any a in A^M and for all (f in A*M let us define 

2n 

[a,ip] = y^e^ja A e^jy? 

i=l 

where {ej,l < i < 2n} is some local orthonormal frame in TM. Since H is to- 
tally geodesic, after differentiation of (13. 4p in directions coming from H we get 
[R{X,Y),n] = for all X,Y in H. Since VM = for F in V it follows that 
^ R{X, Y)ei A eijQ = for all X in H and where {cj} is a local orthonormal frame 

i 

in H, to be fixed in what follows. Therefore we get 

= ^ ejj{R{X, ej)ei A CiM) = Ric^XM - ^ R{X, ej)ei A ajjCiJ^l 

=Ric^X_iQ + ^ X] -^(^i' '^i)^ ^ ejjeiM 

hi 

for all X in H, where for obtaining the second line we used the algebraic Bianchi 
identity for R. As consequences of the Kahler condition and of the fact that Q is 
in XPM we have that R{JX, JY) = R{X, Y), whilst JXj JFjfi = -X^YM for all 
X, Y in TM. Hence the last sum above vanishes and we end up with Ric^XjQ = 
for all X in TM whence the claim, since Q is non-degenerate on H. □ 

At the same time, the situation when Ric^ vanishes is well described by the 
following 

Theorem 3.1. [8J Let {M'^"',g,J) be a compact Kahler manifold equipped with a 
Riemannian foliation with complex leaves. If the the foliation is transversally totally 
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geodesic with nonnegative transversal Ricci tensor then it has to be totally geodesic, 
therefore locally a Riemannian product. 



Proof of Theorem 11.31 Since Ric^ vanishes, it follows by Theorem 13.11 that V is 
totally geodesic, hence parallel w.r.t. the Levi-Civita connection V. This implies 
immediately the parallelism of f2, by means of fl3.4l) . The local product decomposi- 
tion of {M'^"',g, J) follows by using the deRham splitting theorem for the V-parallel 
decomposition TM = V (B H, combined with Lemma [3 .Si 

4. Harmonic 2-forms 

We shall develop in this section the general Riemannian counterpart of Propo- 
sition I3.2[ From now on, we shall use the metric to identify a 2-form a with a 
skew-symmetric endomorphism A of TM; explicitly a = g{A-,-). Moreover, the 
space A is the space of skew-symmetric endomorphisms of TM which are associ- 
ated to an element of n^{M,g). If ip belongs to A^M let : A*M JVM be 
given as exterior multiplication by ip and let L* be the adjoint of L 



if- 



Proposition 4.1. Let M" he geometrically formal and let g he a formal metric on 
M. We have : 

whenever Ai, 1 ^ z ^ 3 helong to A. 

Proof. Let a belong to li?{M,g). Since g is formal and L* is up to sign equal 
to -kLa-^ it follows that both and L* preserve the space of harmonic forms of 
(M, g). Therefore, if a^, 1 ^ « ^ 3 belong to n'^{M, g) then L^^ 0:3 is an element 
of l-L^{M,g). Let A,! ^ i ^ 3 be the skew-symmetric endomorphisms associated 
to the forms ctj, 1 ^ i ^ 3 and let {e^, 1 ^ z ^ n} be a local orthonormal basis in 
TM. We shall now compute 



1 " 

- ai{ei,ej)ej^ 



eij{a2 A aa) 



But 



-- a^ie-i, ej)a3 - {ci^a^) A (e^ jaa) + (e^ ja2) A (cj jOs) + 03(6^, e^)a2. 

Further computation yields, after some elementary manipulations 

V^^Lc.^az = (ai, 02)03 + {ai, 03)02 + {A3A1A2 + A2AiA3-, ■) 

□ 

In what follows we shall say that a symplectic form on M is compatible with the 
metric g if its associated skew-symmetric endomorphism defines an almost complex 
structure on M. 

Proposition 4.2. Let he geometrically formal and let g denote a formal metric 
on M. Moreover, let a helong to T-C'^{M,g) with associated endomorphism A in A. 
Then: 

(i) The eigenvalues of are constant with eigenhundles of constant rank; 
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(ii) Let be (the pairwise distinct) eigenvalues of A^, with /ig = and let Ei 
he the eigenhundles of corresponding to //j. Then for 1 ^ i ^ p, Ei is of 
even dimension and we have an orthogonal decomposition 

p 

i=l 

where uJi,l < i < p belong to T-C'^{M,g). Moreover, uji = g{Ji-,-) on Ei, for 
some g-compatible almost complex structure Ji on Ei, 1 ^ i ^ p; 

(iii) if a is non-degenerate then g admits a compatible symplectic form. 

Proof, (i) From Proposition 14. II we get by induction that A^fc+i belongs to A when- 
ever A is in A. Since A is finite dimensional, there exists P G M.[X] so that 
PlA"^) = and moreover by using the symmetry of A"^ the polynomial P can be 
supposed to have only real and simple roots i ^ V- Let rrij be the dimension 

of the /Uj-eigenbundle, 1 <i <p. To see that rui, fj,i, ^ i ^ p are constant over M, 
we use the fact that A'^^'^^ belongs to A for any /c G N by Proposition 14.11 and from 
the fact that elements in A have pointwisely constant scalar products we deduce 

that Tr{A'^'') = —{A'^''~'^,A) = Ck for some constant Ck and for any integer k. It 

p 

follows that ^ 'TT'i/if = Ck for all A; in N hence this Vandermonde system leads to 

i=l 

the constancy of the functions rui, fii, 1 ^ i ^ p. 

(ii) With the notation Aj = ^J--\ii., the orthogonal projection of a on Ei is given by 
AjCUj where uJi = g{Ji-,-) for some almost complex structure Ji on Ei, 1 ^ i ^ p. 
Now 

i=l 

is harmonic for all natural k and by an argument similar to the one used in the 

proof of the Proposition 3.1 of [8j we deduce that uji belong to H^{M,g). 

p 

(iii) By (ii) the form J2 belongs to li}{M,g) and it is ^f-compatible if a is non- 

i=l 

degenerate. □ 

The technical advantage of Proposition 14.21 is essentially to say that all distribu- 
tions appearing as ranges or kernels of harmonic 2-forms are of constant rank over 
the manifold, and in this respect they can -as we shall see in the next section-be 
treated as algebraic objects. 

4.1. 6-dimensions. We shall present here a geometric application of the algebraic 
facts from the previous section. More precisely, we are going to obtain sufficient 
conditions for a geometrically formal 6-manifold to admit a compatible symplectic 
structure. We need first to make a number of preliminary results. 

Lemma 4.1. Let be geometrically formal and let g be a formal metric on M . 
Let a belong to Ti?{M,g) with kernel V and such that on H = V^,a = g{J-, •) for 
some almost complex structure J of H . Then for any cj) in l-0'{M,g) we have that 
(f)^^ belongs to TC^{M, g) where for any i, j with i + j = p we have denoted by (ff^ the 
orthogonal projection of (p onto A^V^A^H C A^M. Here A^V^A^H is the image of 
A*V ® A^H in A'^'^^M under the antisymmetrisation map. 
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Proof. We first note that 

A a) = ^(-If (rfzm H)^ + (L» A a + (-l^Q^ 

whenever is a jo-form on M, where the operator Q is given by Qifj = ^ (e^ j^) Ae* 

for an arbitrary local frame {cj} in //. Hence Q preserves the space of harmonic 
forms and on the other hand a standard computation shows that the nonzero eigen- 
values of Q on A^M are {—iy~^j for 1 ^ j ^ dim H and i = p — j ^ dim V 
with corresponding eigenbundles A'^V^A^ H . But formality actually implies that all 
powers of Q preserve T-C^{M, g), and the claim follows. □ 

Lemma 4.2. Let be geometrically formal and let g be a formal metric on M. If 
g does not admit a compatible symplectic form then every non-zero harmonic 2-form 
on M has A- dimensional kernel. 

Proof. Let a 7^ belong to li?{M,g). It cannot be non-degenerate for Proposition 
I4.2[ (iii) would imply the existence of a ^f-compatible symplectic form. It remains 
to see that a cannot have 2-dimensional kernel. Arguing by contradiction, let 
us suppose that V = Ker{a) is 2-dimensional, so that H = is of dimension 
4. Moreover, from a we get again by using Proposition 14.21 a harmonic 2-form 
a' = g{J-, ■) on H for some almost complex structure J on H. Then a' + A a') 
gives a globally defined symplectic form on M, compatible with g, hence the desired 
contradiction. □ 

In what follows the distribution spanned by an orthonormal system of vector 
fields {Xi, . . . , Xq} on M shall be denoted by {Xi, . . . , Xg). 

Proposition 4.3. Let be geometrically formal with bi{M) = and b2{M) ^ 2. 
If g is a formal metric on M which does not admit a compatible symplectic form we 
must have b2{M) = 2, b^^M) = 6. 

Proof. Let a 7^ belong to T-C'^{M, g). By Lemma [4.21 the distribution V = Ker{a) 
must be 4-dimensional, so after constant rescaling a can be written as a = g{J-,-) 
where J is an almost complex structure on the plane distribution H = V^. We now 
note there are no non-zero harmonic 2-forms contained in A^V, for by Lemma 14.21 
any such form must have 4-dimensional kernel and hence must vanish. It follows 
then from Lemma H?T] that 7f^(M, g) is contained in (A^V®A^i/) ©Ma. Further on, 
because 62 (^) ^ 2, there must be a non-zero f3 in A^V^A^H , and again by Lemma 
14.21 this has 4-dimensional kernel to be denoted by V. By rescaling if necessary we 
may also assume that (] is of unit length. 

Let now Fi and F2 be the orthogonal projections of H' = (V)"*" onto V and H 
respectively. Fi is not the zero space because otherwise we would have H' C H 
hence P in A^H, an absurdity. We cannot have F2 = {0} neither: it would imply 
that H' CV hence /3 e A^V which is again impossible. Therefore, both of Fi and F2 
have rank at least 1 and given that H' = Fi(B F2 and H' has rank 2, their respective 
ranks must actually equal 1. Since the manifold is oriented, every real line bundle 
over M is trivial and this leads to the existence of a globally defined orthonormal 
frame {(, 62} on H', spanning Fi and F2. Since P belongs to A^if', it follows that 

/? = A C- 
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Now the orthogonal complement of (62) in H is 1-dimensional, hence trivial as a 
real line bundle. Therefore it is spanned by some a unit vector field, say ei, and 
since a belongs to A^H we get 

a = A 

Pick now a non-zero harmonic 3-form T on M. By Lemma 14.11 the components 
T^i in A^V and T^"^ = A a in A^V^A^// of T are harmonic. But ^L^T^^ and 
L'^T^^ = 9 are harmonic 1-forms and since f>i(M) = these 1-forms are vanishing 
fact which implies the nullity of T^^ and T^^. Hence T can be written as 

T = uiAe^ +uj2Ae^ 

with ojki /c = 1, 2 in A^V. Again, L^T resp. L*^T vanish for any harmonic 2-form 4> 
because 61 (M) = 0, hence from LpT = and L^T = we get that 

C A cJi = 0, = 0. 

It follows easily that harmonic 3-forms on M are contained in a rank 6 sub-bundle 
of A^M, thus using that scalar products of harmonic 3-forms are (pointwisely) 
constant we obtain that 63 (M) ^ 6. Since M has nowhere vanishing vector fields, 
it has vanishing Euler characteristic, and from bi{M) = 0, b2{M) ^ 2 we get 

h{M) = 2{1 + b2{M)) ^6 

showing that actually b2{M) = 2 and b^lM) = 6. □ 

Theorem 4.1. Let be geometrically formal with bi{M) 7^ 1 and b2{M) ^ 2. // 
g is a formal metric on M which does not admit a compatible symplectic form then 
either: 

(i) M has the real cohomology algebra ofT^ x 5*^ 
or 

(11) bi{M) = 0, b2{M) = 2, b-i{M) = 6. 

Proof. In view of the Proposition above it suffices to treat the cases when 61 (M) 7^ 0. 
Again, we do a case by case discussion. Let V be the distribution spanned by the 
harmonic 1-forms and let (^,1 ^ k ^ bi{M) be a frame of harmonic 1-forms in 
V. As an immediate consequence of Lemma 14.11 and of the fact that H = V"*" does 
not contain, by definition, harmonic 1-forms it follows that harmonic 2-forms are 
contained in A^V © A'^H. 

If bi{M) = 2, H is of rank 4 and since 62 (^) ^ 2 there must be a non-zero harmonic 
2-form contained in A^H. In view of Lemma [4.21 it has rank 4 kernel and therefore 
vanishes, a contradiction. 

Suppose now that 61 (M) = 3 so that H is of rank 3. If a is a non-zero harmonic 
2-form contained in A^H, then Ci-iC2-iC3-i(*Q^) is a non-zero harmonic form in A^H 
which is a contradiction. Therefore li?{M, g) C A^V and similarly, by using Lemma 
14. II we get H^{M, g) C A^V © A^H. It is now straightforward that M has the coho- 
mology algebra of T'^ x 5''^. 

If bi{M) = 4, then Ci /\ C2 + Cs /\ C4 + *(Ci A C2 A Cs A (4) is a compatible symplectic 
form, a contradiction. 

Now we cannot have bi{M) = 5 ([6]) and when &i(M) = 6 there exists an or- 
thonormal frame of harmonic 1-forms hence a compatible symplectic structure, a 
contradiction. This finishes the proof of the Theorem. □ 
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The proof of Theorem \1A\ when 62 (^) ^ 3 follows now immediately from the 
above. 

Remark 4.1. The proof of Proposition \4 ■ 3\ can also be adapted to show that if g is 
a formal metric on which does not admit a compatible symplectic structure then 
h{M) <: 6 when bi{M) = 0, b2{M) = 1. 

4.2. The case when 61 = 0, 62 = 2, 63 = 6. We shall examine now the case when 
the geometrically formal manifold has a formal metric g which does not admit 
a compatible symplectic form and moreover bi{M) = 0, b2{M) = 2, &3(M) = 6. We 
have seen that harmonic 2-forms must be of the form e^^ = A e^, A C for some 
ortho normal system ei,e2,C TM. Let us denote by E the rank 3 distribution 
orthogonal to 61,62, (■ It inherits a transversal volume form, i.e a nowhere vanishing 
3-form ue in A^E given by z/g = *(e^^ A Q. We shall write -kE '■ A*i? A*E for 
the Hodge star operator obtained when E is equipped with the restriction of the 
metric g and orientation given by i>e- 

Lemma 4.3. The following hold : 

de^ =A^e^ + B ^6^ + Ae^^ 

de^ =qC A - A A + ^e^^ 

dC =A A( - fie^ AC + e'^ A D 

where A, B, D are 1-forms on E ® (C) one? A, q, ^ are functions on M. 

Proof. Because e^^ is closed we get de^ A = de"^ A and it follows that none of 
de^, de^ can have components in A^(ei, 62)"*". Therefore one can write 

de^ =AAe^ + BAe^ + Ae^^ 

de^ =C Ae^ + D' Ae^ + fie^^ 

for some one-forms A, B, C, D' in A^(ei, 62)"'" and some smooth functions A, /i on M. 
Now the remaining information contained in de^ A = de"^ A is that D' = —A. 
Since A C is equally closed we have de"^ A ( = d( A e"^ hence de"^ A C A = 
leading to C A C = 0. Thus we may write C = q( for some smooth function q on M. 
Moreover, by an argument already used for e^^, d( has no component in A^(e2, C)"*" 
hence after a small computation we can fully rewrite the closedeness of A C as 

dC = AAC- fie^ AC + e'^ AD + ue^'^ 

for some one form D on E(B{Q and a smooth function u on M. Now the harmonicity 
of e^^ tells us that 

= d*e^'^ = d*e^ ■ - [ci, 62] - d*e^ ■ 62 

in other words the distribution (61,62) is integrable. Henceforth, z/ = d({ei,e2) = 
— < (, [ei, 62] > vanishes and our Lemma is proved. □ 

Corollary 4.1. (i) The distribution E is integrable. 

(ii) The distributions (61,62) and (62, C) o'^c integrable as well. 

Proof, (i) By inspecting the structure equations in the Lemma above, we see that 
either of d(, de^, de^ vanish on h^E and the claim follows. 

(ii) follows by arguments similar to the last part of the proof of the Lemma □ 
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We shall now bring into consideration the fact that 63 (M) = 6. Let 
(4.1) T,,T2,n,^T^,^T2,*Ts 

be an (pointwisely) orthonormal basis in T-C^{M,g). From the proof of Proposition 
14.31 we must have 

Tk = (e' A C) A ak + A ^E^k 

where ak, (3k belong to A^E for all 1 < A; < 3. The next Lemma recasts the 
orthogonality of the system (14. ip into a simpler algebraic form. 

Lemma 4.4. For 1 < k < 3 we define 7fc = + i/3k in A^{E, C). We have 

-^Eli = A 73 
-^El2 = -k^i A 73 
^£73 = A 72 

for some smooth function k : M ^ C such that = 1 and k^^ A 72 A 73 = z^e. 
Proof. The Hodge star operator of the forms Tk, 1 < k < 3 reads 

*Tfc = -(e^ A C) A + A ^E^k 
and the orthonormality of (14.11) is equivalent with the following 

\ak\^ + \Pk\^ = I 

< ai,aj > + < (3i, (3j >= 0, 2 7^ j 

< ai, (3j >=< aj, (3i > 

It is easy to see that {7i, 1 < i < 3} gives a basis of A^{E,C) (not orthonormal 
though) and then {'ji A 7^ : 1 < z 7^ j < 3} is a basis in A^(i?,C). Of course, by 
using complex conjugation we obtain another set of basis in the above mentioned 
spaces. We now compute 

*B7i /\ 7i ={'^Eaj + i (3j) A {aj - i -kE 

= {-kECtj A aj + -kEf^j) + i{.^EPj A aj — -kEC^j A (3j) 
= l'E- 

Very similarly, we also find that *E7j A 7p = for p 7^ j and the result follows. 
That = 1 follows routineously by taking norms. □ 

The triple of 1-forms (71,72,73) has also an internal symmetry, of particular 

/ 71 X 

relevance for what follows. Write 7=1 72 1 and then notice the transition formula 

^ 73 ^ 

7 = P7 for some P = {Pij, 1 < ^, j < 3) : M — > M^^C). This is possible because 
both 7 and 7 give basis in A^{E,C). It follows immediately that PP = 1^ holds 
and moreover from the definition of P we see that it is symmetric, i.e. P = P^. To 
exploit the closedeness the frame (14.11) we need the following preliminary 

Lemma 4.5. If a belongs to A*E we have 

da = dEa + C A if a + A (Lja + C A Rja) + A Lja 
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where denotes the orthogonal projection of d onto A*E and for any vector field X 
in E, is the orthogonal projection of the Lie derivative Lxol onto A*E. Moreover, 
the vector field R in E is given by the projection on E of [ei, Q. 

Proof. Follows eventually by expanding d along the decomposition 

A'^M = A*£;® A*(ei,e2,C) 
while making use of the integrability of the distributions listed in Corollary 14.11 □ 

Let us denote by A, B, D the components on E of the 1-forms A, B, D, so that 
A = A + x(, B = B + y(, D = D + zC, for some smooth functions x, ?/, z on M. 

Lemma 4.6. The harmonicity of the forms Tk, 1 < k < 3 is equivalent with the 
following system of equations: 

(i) dEjk = -2A A 7fc - iq -kE Ik 

ill) dE{-kElk) = A^ -kE'Jk 

(iii) Lf{-kE7k) - x-kE'jk-iB A'jk = 

(iv) Lf^ {-kElk) + fi-kE Ik - iD A-fk = 

(v) Lf^'jk + {z- A)7fc - -kE'jk = 
forl<k<3. 

Proof. For any 1 < A; < 3 the closedeness of the forms Tk is equivalent with 

= dTk =d{e^ A C) A Ofc + A C A dofc 

+de^ A[kEPk]- ^d[kE^3k]. 
Using now Lemma 14.51 we obtain further 

= d{e^ A C) A ttfc + de^ A i^E(^k 



+ A C A 



dEUk + A Lf^afc 



- A dE{:kEl3k) - A C A Lfi^Epk) + e"' A Lf^ {-kE^) 

-e'^ACAiR^ ^Ef3k). 

But accordingly to Lemma 14.31 we eventually get 

d{e^ A C) = 2i A A C + S A A C - A e^^ + (A - z)e^'^ A C 

hence after identifying the components of A C, A C, e^^, e^^ A C, we find the 
system of equations 

2A Aak- q-kE (3k + dEUk = 
B Aak + x^Ef3k- L^i^Epk) = 
- D Aak + n^E f3k + Lf^ i^Ef^k) = 
(A - z)ak - Lf,^ak - R-i-kE Pk = 

A A -kEpk = dE{-kEfik) 

But the forms ^T^, 1 < A; < 3 are closed as well, in other words the system above 
has the symmetry (a/j, [3k) {Pk, —ctk)- It is now straightforward to rephrase these 
by means of the complex valued forms 7^, 1 < A; < 3. □ 
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We are now in position to examine the geometric consequences imposed by our 
initial situation. 

Lemma 4.7. The following hold: 

(i) A = 0; 

(ii) d-Ek = 0. 



Proof. We will prove both claims at the same time. Using Lemma 14.61 (i) we 
compute 

dEh2 A 73) = - 4i A 72 A 73 - iq{kE^2 A 73 - *e73 A 72) 
= - 4i A 72 A 73 

by using standard properties of the Hodge star operator. But from (ii) of the same 
Lemma, actualised by Lemma [4.41 one infers that 

dE(/c72 A73) = fciA72 A73. 

It follows that (5A — k^^dEk) A 72 A 73 = and repeating the procedure for the 
other two equations in Lemma [4.61 (i) we arrive easily to 5A — k~^dEk = 0. But A 
is real valued whilst k~^dEk belongs to A^(i?, zM) since \k\ = 1 and the proof of the 
Lemma follows. □ 

We examine the rest of the equations in Lemma 14.61 For a triple a = i a2 
of one forms in A^{E,C) we consider the triple of 2-forms in A'^{E,C) given by 

/ 02 A 03 N 

a X a = i 03 A cti J . Note that in the new notation Lemma 14.41 now reads 
^ «! A 02 ^ 

(4.2) 7 = A;7 X 7 
and after taking the conjugate we also get 

(4.3) 7 = k'^'^j X 7 

_ 3 
since k = k~^. For any a = ^ Q;fc7fc in ^-'^(i?, C) we consider the matrix 

k=l 

03 — ^2 

—03 ai 

Ot2 — «! 

Note that = — r^^ and we shall let operate on triple of forms in K^i^E, C),k = 
1, 2 by matrix multiplication. Moreover, a straightforward computation shows that 
/ a A 7i N 

a A 7 = I a A 72 ) = ^0,(7 x 7). These observations allow now to bring the 



^ a A 73 ^ 
remaining equations into final form. 

Lemma 4.8. The following hold 

(i) Lf{-kEl) -x-kEl - ikr^{-kEl) = 
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(ii) Lf^{-kEl) + ^i-kEl- ikrf^ii^El) = 

(iii) Lf^7 + (2 - A)7 + ikr^-^ = 

where the 1-form i] in A^E is given as rj = g{R, ■). 

Proof. We shall prove only (i) the other two claims being entirely analogous. Indeed, 
writing (iii) of Lemma 14.61 in matrix form we have 

Lfi-^El) — X ikE ^ — iB A 'J = 0. 

But -B A 7 = r^(7 x 7) = kr^l-kEl) by (14. 3 p and we are done. □ 

Proposition 4.4. The following hold: 

(i) L,,P = L,,P = L^P = 

(ii) Pr^P + k^r^ = 

(iii) Pr^P + = 

(iv) Pr^P + k\ = 0. 

Proof. Taking the conjugate in (i) of Lemma [4.81 we get 
(4.4) Lfi^El) -x^El + ik~^r^{^El) = 0. 

Now -kEj = i^E{.Pl) = -P(^s7) hence (i) of Lemma 148) gives 

(Lf F) ^El + PLfi^El) + xPi^El) + ikr^i^El) = 
Substituting here the expression of L^i^-kEl) as given by (14.41) we obtain further 

(LfP) ^El+P 

-{xP + ikr^) Tk^^ = 

whence 

{LfP - ik-^Pr^P - ikr^) *b 7 = 

where we have used once more that 7 = P7. Given that -kEl gives a basis in 
K^{E,C) we infer that 

Lf P - ik-^Pr^P - ikr^ = 0. 

But P is symmetric and is skew-symmetric therefore Pr^P is skew-symmetric as 
well, hence identifying the symmetric resp. the skew-symmetric part in the equation 
above we arrive at L^P = and Pr^P + k'^r^ = 0. The other two claims in (i) and 
assertions in (iii) and (iv) are proved by applying a completely similar procedure to 
the equations in (ii) and (iii) of Lemma 14. 8[ □ 

Corollary 4.2. We must have B = D = r] = 0. 

Proof. We first work out the equation in (ii) of Lemma 14. 4[ It implies that 

(Pf^P) ^El + k^r^{^El) = 0. 



x-kE'j -ik ^rg{-kEl) 
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Now rj^{-kEj) = k~^rj^{-f x 7) = k~^B A 7. On the other hand we have 

(Pr-P) ^^7=(Pf-) i.E (Pi) 

=Pr^ -kEj = kPr^ij X 7) 

=kP{B A 7) 

=kB APj= kB A'y 

since B is real valued. Altogether {k + k~^k^)B A 7 = whence the vanishing of B 
since = 1. The vanishing of D resp. 77 follows now from (iii) resp. (iv) of Lemma 
14.41 by using the same argument. □ 

We now continue the study of the distribution (ei, 62, C)- 

Lemma 4.9. The following hold: 

(i) d^e^ = -fi; 

(ii) d^e^ = A = -z; 

(iii) d*C = ^■ 

Proof. First of all we update Lemma [4.31 to 

de^ =xC A + yC A + Ae^^ 
(4.5) de^ =qC A - xC A + fie^^ 

dC = - fie^ AC + ze'^ AC 

by using that A = B = D = 0. 
(i) since e^^ is harmonic we have 

= d*(e^2) = d*e^ ■ 62 - [ei, 62] - d*e^ ■ d 

hence d*e^ =< [61,62], 62 >= — 0^6^(61,62) = — /i and d*e'^ = — < [61, 62], 61 >= 
^6^(61,62) = A. This proves (i) and the first half of (ii) To prove the rest it is 
enough to repeat the argument above starting from d*{e'^ A C) = 0- D 

Theorem 4.2. A geometrically formal manifold with bi{M) = 0,b2{M) = 
2, bs{M) = 6 and formal metric g must admit a g-compatible symplectic structure. 

Proof. Suppose that there is no (^-compatible symplectic structure on M. Then our 
whole previous discussion applies and based upon it we will obtain a contradiction. 
We proceed first towards updating the expressions of the Lie derivatives of 7,*£;7 
as given by Lemma 14. 8[ Since k"^ = det{P) and P has no Lie derivatives in the 
direction of (6i,62,C) it follows that L^^^k = L^^k = L^k = 0. Therefore, (i) of 
Lemma 14.81 gives 

-^f (7 X 7) — X7 X 7 = 0. 
Note that actually L^7 = L^7 since i] (hence R) vanishes. A short computation 
using only that 7 gives a basis in A^{E, C) leads to 

La - ^7 = 0. 

It follows that L^(7iA72A73) = ^71 A72A73 whence L^e = ^^e- But L^(e^^AC) = 
as well, because e^^,6^^ A C are closed (the latter after a computation based on 
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(14. 5p ) and we get that the volume form = A C A ue satisfies L(^vm = ^-^m- 
But 

by Lemma [4.91 (iii) and it follows that we must have x = 0. When working out, in 
the same spirit, the equation contained in (ii) of Lemma [4.81 we obtain that /i = 0. 
Now (iii) of Lemma WM ensures, as before, that L(,^ve + 3(2 — X)ve = 0. At the 
same time 

L,2(ei2 A C) = -d{e^ A C) = (-A + z)e^^ A C 
after making use of (14. 5p . It follows that Le^^u = — 2(z — A)z/m = AXum as 2; = —A 



by Lemma IT9| (ii). But once again from L^^i^m = —d*e ■ um = —A ■ um we obtain 
that A = 0. 

Inspecting now the structure equations in fl4.5p we see that d( = and again from 
Lemma 14.91 d*( = 0, in other words C is a harmonic, nowhere vanishing 1-form on 
M which contradicts that 61 (M) = 0. □ 

The proof of the Theorem 11.41 in the introduction is now complete. 

5. Formal metrics with maximal 62 
We study in this section geometrically formal manifolds M" having maximal 
second Betti number, i.e. 62 (^) = ^2^' prove Theorem 11.51 we split our 
discussion into two cases according to the parity of n. 

Proposition 5.1. Let M" be geometrically formal and let g be a formal metric on 
M. The following hold: 

(i) ifbp{M) and bq{M) are maximal for p + q ^ n then bp+q{M) is also maximal; 

(ii) if bp{M) and bq{M) are maximal for < p < q < n and then so is bq^p{M); 

(iii) if bp{M) is maximal for some 1 ^ p ^ n — 1 and {p,n) = 1 then g is a flat 
metric. 

Proof, (i) If are L^-orthonormal basis in H^{M, g) and H''{M, g) respec- 

tively then at each point of M we obtain orthonormal basis in A^M and A'^M 
respectively. It follows that AP^'^M is spanned by forms of the type a, A j3j which 
are harmonic because the metric g is formal. Since scalar products between har- 
monic forms are constant after Gramm-Schmidt orthonormalisation we obtain a 
basis in W+'^iM.g). 

(ii) By Hodge duality bn-p{M) is maximal hence by (i) so is bn-p+q{M) = bq-p{M) 
whence the claim. 

(iii) If bp{M) is maximal then for any integers q and k, 1 ^ k ^ n such that 
pq = /c(mod n) bk{M) is also maximal by using (i). Since {p,n) = 1 we arrive 
by means of (ii) at bi{M) maximal, and it follows that g is flat by Theorem 11.11 
(iii). □ 



Hence, when n is odd and b2{M) is maximal bi{M) is maximal too and the metric 
g is flat. Therefore we need only to consider the case when n is even. 
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5.1. Reduction to the symplectic case. As an immediate consequence of Propo- 
sition 14.21 we have : 

Proposition 5.2. Let M*^ be a geometrically formal manifold with formal metric 
g such that 62 (^) is maximal and n is even. Then g admits a compatible almost 
Kdhler structure, that is an almost complex structure J, which is compatible with g 
and such that the 2-form g{J-, ■) is closed. 

Proof. We first claim that there exists a harmonic 2-form a which is non-degenerate, 
that is a'^ 7^ 0, n = 2/c at some point x of M. Indeed if = on M for any Lp in 
T-C'^{M, g) then after polarisation we find ipi A . . . A = whenever fi,l<i<k 
belong to 'H^(M, ^f). Since frames in T-C'^{M, g) give frames in the A^M it is easy to 
obtain a contradiction and the existence of a as above follows. The claim is now 
proved by using (iii) in Proposition 14.21 □ 

5.2. Proof of flatness. We consider hereafter a compact almost-Kahler manifold 

(M",(7, J) (n = 2k) such that is a formal metric and moreover b2{M) = ^ 

Let u = g{J-, ■) be the so-called Kahler form of the almost Kahler structure. We 
first remark that the bi-type splitting of A^M is preserved at the level of harmonic 
forms (note, by contrast with the Kahler case that this needs no longer be true in 
the case of an arbitrary almost Kahler manifold). 

Lemma 5.1. Any harmonic 2-form splits as a = ai + a2 where the harmonic ai, 0:2 
are in X^'^M and }?M respectively. 

Proof. Pick a in A^M, which splits as a = cti + 02 with ai in A^'^M and a2 in 
A^M. Because of formality we can assume w.l.o.g. that a is primitive. Again the 
formality tells us that -^v* (cj A u>) is harmonic and from the proof of Proposition 14.11 
it follows that it is actually proportional to cti — 02- This eventually proves the 
Lemma. □ 

Therefore, if 62 (M) is maximal, both A^'^M and A^M are spanned by harmonic 
forms. We need now to see which geometric properties a harmonic 2-form in A^M 
must have. To do so, recall that the first canonical Hermitian connection V of the 
almost Kahler {g,J) is given by 

Vx = Vx + rjx 

for all X in TM. Here V is the Levi-Civita connection of g and r]x = \(VxJ)J 
for all X in TM gives the intrinsic torsion of the [/(r;,)-structure induced by {g, J). 
The connection V is metric and Hermitian, that is it preserves both the metric and 
the almost-complex structure. The almost Kahler condition i.e. that du = 0, when 
formulated in terms of the intrinsic torsion tensor rj reads 

(5.1) {vxY, Z) + (r^yZ, X) + (r^^X, Y) = 

for all X, y, Z in TM. The latter also implies that {g, J) is quasi-Kahler: 

(5.2) rjjx = rjxJ 
for all X in TM. Moreover we have 

(5.3) rjxJ = -Jrjx 
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in other words i] belongs to X^M ®i X^M. The relations (15. 11) . (15.21) and (15. 3p will 
be used implicitly in subsequent computations. 

Lemma 5.2. Let {M"^^ J) he an almost-Kdhler manifold and let a = g{F-, ■) be 
harmonic in X^M . Then 

(5.4) (yjxF)JY + (VxF)F = -2r]FxY 
for all X, Y m TM. 

Proof. From (ia = we have that a(Va) = 0. But V xoi = V^a + {[F^rjx]-, ■) for 
all X in TM and moreover a simple computation based on (15.11) shows that 

a((X,y,Z) ^ {[F,r^x]Y,Z))=a{{X,Y,Z) ^ {riFxY,Z)). 

Therefore aiVa + rip) = and since the tensor under alternation belongs to X^M ® 
}?M we use Proposition 12. 11 (ii) to conclude that it is actually in X^M ®2 X^M and 
the proof of the claim follows by using the relations (15.21) . (15.31) . □ 

If Q is an endomorphism of M, let us define the tensor Q •rjhy 

{Q.r]){X,Y,Z)=ax,Y,z{VQxY,Z) 

for all X, Y, Z in TM, where a stands for the cyclic sum. Note that this is different 
from the usual action of End{TM). 

Lemma 5.3. Let {M'^^,g, J) be an almost-Kdhler manifold and let a = g{F-, ■) be 

harmonic in X^M with harmonic square. Then 

(5.5) F2«r/ = 0. 

Proof. That d*{a A a) = translates after a calculation which parallels that in the 
proof of Proposition 13.11 into 

ax,YA{^FxF)Y,Z) = Q 

for all X, y, Z in TM. Rewritten by means of the canonical Hermitian connection 
and using (15.11) it yields 

,^ {{^FxF)Y, Z) + {(VfyF)Z, X) + ((V^zF)X, Y) 

+ {vxFY, FZ) + (r/yFZ, FX) + {r^zFX, FY) = 

We shall exploit now the algebraic symmetries of the above. Changing {Y, Z) in 
( jy, JZ) and subtracting from the original equation implies 

2{{VfxF)Y,Z)-2{t^xFZ, FY) 

+ {{VfyF)Z + (yjFYF)JZ, X) - {{VfzF)Y + {VjFzF)JY, X) = 

or further, after using the relation (15.41) 

.57. {iVFxF)Y.,Z)-{rjxFZ,FY) 

-{VF^YZ,X) + {X,r]F^zY) = 0. 

Now taking the cychc sum and using (15. 6p we get the desired result. □ 
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Remark 5.1. On an almost Kdhler manifold {M'^'^,g,J) a harmonic form a in 
with harmonic exterior powers needs not to he parallel w.r.t to the Levi-Civita 
connection of the metric g. This happens for instance when a = g{T, •) for a g- 
compatible almost complex structure I with IJ + JI = 0, which actually induces 
a complex- symplectic structure on M. Examples in this direction, which are not 
hyperkdhler, can be constructed on certain classes of nilmanifolds [3]. 

From the Lemma above we find by J-polarisation that 

[F,G].r/ = 

for all F, G dual to harmonic forms in X^M. It is well known that the splitting 
so{2k) = u{k) © m, where m consists in elements of so{2k) anti-commuting with J, 
is such that [m, m] = u(A;) for k ^ 2. Therefore, if 51 is a formal metric on M^*^ and 
62 (M) is maximal, we get that F • rj = for all F dual to forms in A^'^M provided 
that diniM ^ 6. 

Lemma 5.4. // dim M ^ 6, the intrinsic torsion rj must vanish identically. 

Proof. It is enough to prove the statement at an arbitrary point m of M. Pick 
an arbitrary unit vector V in T^M and let F be the skew-symmetric, J-invariant 
endomorphism of TM which is J oia. E = {{V, JV}) and vanishes on H = E^. That 
F • ?7 = says 

{rjpxY, Z) + {t^fyZ, X) + {rjpzX, Y) = 

for all X, y, Z in TM. It follows that {r]vX, y) = for all X, Y in H, hence r/yX is 
in E for any X & H. Moreover, since dim M ^ 6, there exists a unit vector U G TM 
so that (y, JV, U, JU, X, JX) is an orthogonal system. Let us consider the skew- 
symmetric, J-invariant endomorphism G of TM defined by GV = U, GJV = JU, 
GU = -V, GJU = -JV and G vanishes on E'^ where E' = {{V, JV,U, JU}) . 
Then 

{r]GuX, V) + {vGxV, U) + {TjGvU, X) = 

This implies that {rjyX, V) = —{rjuX, U). Changing V in JV and using the J-anti- 
invariance of r] we get {rjyX, V) = 0. Then 

r]vX = 

for aWX e H and r]vX = (X, V)7]vV + (X, JV)7]vJV for all X G TM. But from 
fl^ it follows that r]vV = r]vJV = and r^yX = for all X G TM. □ 

In other words {g, J) is a Kahler structure and the flatness of the metric follows 
now from [S]. To finish the proof of Theorem 11.51 it remains to treat the case 
when n = 4. In this situation, we notice that the bundles A^M of (anti) self- 
dual forms are trivialised by almost-Kahler structures satisfying the quaternionic 
identities and using the well-known Hitchin Lemma [TU] we obtain that A^M both 
contain a hyper-Kahler structure and this leads routineously to the flatness of the 
metric. 
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